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In this note all rings are assumed commutative with identity. For a 
commutative ring R, let E,(R) be the subgroup of GE,(R) generated by all 
elementary matrices, and GE,(R) the subgroup of GE,(R) generated by 
E,(R) and all invertible diagonal matrices. We call R a GE,-ring if 
GE,,(R) = GE,(R); or equivalently, SE,(R) = E,(R). 
P. M. Cohn [4, Sects. 7, 81 showed that k[X, Y] and L [X, ,..., X,] are not 
GE,-rings. In this note, we shall generalize his results. 
Let A4 be a totally ordered cancellable commutative monoid, and R = 
@,,, R, a graded domain of type M. In Sections 1 and 2, we give some 
necessary conditions and suflicient conditions for the GE, of R. From these 
general discussions, we can show that: 
(1) For a Noetherian ring D, D[X] is a GE,-ring if and only if 
dim D = 0. 
(2) If D is an integral domain which is not Bezout, then D[X,X-‘1 is 
not a GE,-ring. 
(3) Let R = @ Ri be a graded domain graded by N U {0}, then R is a 
GE,-ring if and only if R N R, + XK[X], where R, is a GE,-Bezout domain, 
and K the quotient field of R,. 
In Section 3, we shall establish that if D is a valuation domain, then 
D[X, X-’ ] is a GE,-ring. Then we shall give examples which are GE,-rings 
with any prescribed Krull dimension. 
1. 
Let R = BaeM R, be a graded domain of type M, where A4 is a totally 
ordered cancellable commutative monoid [ 1, Chap. II, Sect. 111. For any a = 
a,, + ... + aa, E R, where aa, E Rai, a,,a,“# 0, and a, < a2 < e.+ < an, we 
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define the degree of a as deg a = a,,, the leading term of a as l(a) = a,“, and 
the length of a as leng a = a, - ai (where a, - al is in the group generated 
by M). If abf 0, then we have l(ab) = l(a) l(b) and leng(ab) = lenga + 
leng b. An element of length zero is a homogeneous element of R. All units 
of R are homogeneous. 
Let x and y be two homogeneous elements of R such that Rx + Ry is not a 
principal ideal. A column vector (i ) E R* is said to be have the property P 
with respect to x and y, if ab # 0 and xl(a) = yZ(b). 
LEMMA 1.1. Let R, x, y be as in the above, and [f: i] E SL,(R). 
Suppose that one of the column vectors (g ) and (s) has the property P, then 
the other vector has the property also. 
Prooj We may assume that (I ) has the property P with respect to x and 
y. Suppose that c = 0. From ad - bc = 1, it follows that a is a unit. Then I(a) 
is a unit. Thus x is a multiple of y, contradicting the assumption about x and 
y. Similarly for the case d = 0. Therefore we can assume that cd # 0. 
Since deg(ad - bc) = deg 1 = 0. There are three cases: 
Case 1. deg(ad) # deg(bc). Assume that deg(ad) = 0 and deg(bc) < 0. 
Comparing the components of degree zero in ad - bc = 1, we have 
Z(a) I(d) = 1. Thus l(a) is a unit, and it leads to a contradiction. Similar 
argument can be applied to the case of deg(ad) < 0 and deg(bc) = 0. 
Case 2. deg(ad) = deg(bc) = 0. In this case, we have l(a) f(d) - 
Z(b) I(c) = 1. Let k = t(a)/y = Z(b)/x E K, the quotient field of R. Then 
kyl(d) - kxl(c) = 1, and yZ(d) -xl(c) = l/k E R. On the other hand, we have 
x = Z(b)( l/k), y = l(a)( l/k). This means that Rx + Ry = R( l/k) is a principal 
ideal, a contradiction. 
Case 3. deg(ad) = deg(bc) > 0. Then l(a) I(d) - I(b) l(c) = 0. Using 
xl(a) = yf(b), we have yZ(b) l(d) = xl(a) I(d) = xl(b) l(c). Hence y/(d) = xl(c), 
which is what we want. Therefore (2) satisfies P. 
THEOREM 1.2. Let R = BaeM R, be a graded domain of type M, where 
M is a nonzero totally ordered cancellable commutative monoid. Assume that 
R, # 0 for all a. Suppose that there exist two homogeneous elements x and y 
such that Rx + Ry is not a principal ideal. Then R is not a GE,-ring. 
ProoJ We first assume that either “deg xy > 0,” or “deg xy = 0 and there 
exists a E M such that a > 0.” Consider the set r= {NE SL,(R) 1 both the 
columns of N satisfy the property P with respect to x and y}. We first show 
that r is nonempty: If deg xy > 0, then ( ‘-;:’ 1 ,Y:.) E r. If deg xy = 0 and 
there exists a E M such that a > 0, then we choose 0 # a E R,, and we have 
( ‘-;:‘,” L&J E r* 
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Next, we observe that if NE r, E is the elementary matrix (i y ) or 
(i f ), then NE E lY For, one of the columns of NE is equal to that of N, 
hence it satisfies P. By Lemma 1.1, the other column of NE also satisfies P. 
Thus NE E I’. 
Claim. For any NE r, N&E,(R). Suppose to the contrary. Then 
NE, ..a E, = I for some elementary matrices Ei. This implies that I E r by 
the above observation. But it is impossible. 
Suppose that “deg xy < 0,” or “deg xy = 0 and for all CI E M, a < 0.” Then 
we define “the degree” as the degree of minimal term instead of the maximal 
one, and all arguments in the proof of Lemma and Theorem will work. 
COROLLARY 1.3. Assume all the hypotheses in Theorem 1.2. Then E,(R) 
is not a normal subgroup of SL,(R). 
Proof: Let N = (I-;:‘,” ,I:“,,) be as in the proof of Theorem 1.2. 
Consider 
A=,(:, ;)N-’ 
x2a - y2a - xy3a2 - x3ya2 1 - 2xya + x2y2a2 + y4a2 = 
-1 - 2xya - x’y’a’ - x4a2 ) y2a - x2a + xy3a2 + x3ya2 ’ 
We will show that the first column of A satisfies P. By the proof of 
Theorem 1.2, we have A 6Z E,(R). But ( !, J) E E,(R). Thus E,(R) is not 
normal in SL,(R). 
We just need to consider the cases: “deg xy > 0 and a = 1” and 
“deg xy = 0 and deg a > 0.” 
Case 1. deg x > deg y. Then Z(x2a - y2a - xy3a2 - x3ya2) = -x3ya2, 
I(-1 - 2xya - x2y2a2 - x”a’) = -x4a2. The case of deg y > deg x is similar. 
Case 2. deg x = deg y, and x2 + y2 # 0. Then 
I(x2a - y2a - xy3a2 - x3ya2) = -a2xy(x2 + y’), 
I(-1 - 2xya - x2y2a2 - x’a’) = -a2x2(x2 + y’). 
Case 3. deg x = deg y, and x2 + y* = 0. Then 
I(x2a - y2a - xy3a2 - x3ya2) = a(x’ - y’) = -2ay2, 
1(-l - 2xya - x’y’a’ - x”a’) = -2xya. 
In all cases, they satisfy P. Our Corollary holds. 
An integral domain is called a Bezout domain if all its finitely generated 
ideals are principal. Applying the Theorem to Laurent polynomials, we have 
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EXAMPLE 1.4. Let D be an integral domain which is not Bezout, and 
D [X, X- ’ ] be the Laurent polynomial ring over D. Then D[X, X- ’ ] is not a 
GE,-ring and E,(D[X, X-l]) 43 SL,(D[X, X-l]). 
In the remainder of this section, we assume, further, that M has zero (the 
additive identity) as its minimal element. We shall give necessary conditions 
for the GE, of R. 
LEMMA 1.5. Let R, M be as above, and assume that M has zero as its 
minimal element. Let a E R,, b E R,, and a c ,B. If Ra $ Rb is a principal 
ideal, then a 1 b. 
Proof Let Ra + Rb = Rc, where c is a homogeneous element. Since 
a <j?, we have deg c = a. If xa + yb = c, comparing the components of 
degree a, then x,a = c. So a 1 c and a is associate to c. Hence a 1 b. 
Remark. From this Lemma and the proof of Theorem 1.2, it is easy to 
see that, for (a, b) E Urn,(R), if deg b > deg a and l(a)l;l(b), then (a, b) 
cannot be a row of a matrix in E,(R). (By Urn,(R) we denote the set of 
unimodular rows of length 2.) 
THEOREM 1.6. Let M be a nonzero totally ordered cancellable 
commutative monoid which has zero as its minimal element. Let R = 
a,,, R, be a graded domain of type M, and K the quotient field of R,. 
Assume that R, # 0 for all a. If R is a GE,-ring, then 
(1) R, is a GE,-Bezout domain, 
(2) M = G’ for some totally ordered abelian group G, 
where G’ denotes the nonnegative part of G, 
(3) R, N K as R,-module, for all a > 0. 
Proof By Theorem 1.2, we have R, is a Bezout domain. On the other 
hand, since @,,, R, is an ideal of R, it is not difficult to see that R, is a 
GE,-ring. (1) is proved. 
Foranya,/IEManda(/?,takeanyO#aER,,O#bER,.SinceRis 
GE,, so Ra + Rb is principal. Then a 1 b by Lemma 1.5. This means that 
R,-, # 0. Hence we can embed M in a totally ordered abelian group G such 
that,forallp>ainM,j?-aEM.ThusM=G+.Thisis(2). 
By Lemma 1.5, we see that, for a > 0, R, is a divisible torsion-free R,- 
module. Thus R, is a K-vector space. For any 0 # a, b E R, and 
Ra + Rb = Rc. Then a/c, b/c E R,, and (a/c) b - (b/c) a = 0. So a and b are 
linearly dependent over R,. Therefore dim, R, = 1 and (3) is proved. 
Applying this Theorem to the polynomial rings, we have 
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EXAMPLE 1.7. Let D be an integral domain, then D[X] is a GE,-ring if 
and only if D is a field. Moreover, if D is not a field, then E,(D[X]) 6 
SL,(D[X]). We can generalize this result to Noetherian rings. 
PROPOSITION 1.8. Let D[X] be the polynomial ring over a Noetherian 
ring D. Then D[X] is a GE,-ring if and only if dim D = 0. Moreover, if 
D[X] is not GE,, then E,(D[X]) is not normal in SL,(D[X]). 
ProoJ: Suppose that dim D > 1, there exists a prime ideal P, such that 
dim D/P > 1. Choose a E D -P such that ?i is a nonunit in R/P. Set 
A= 
-aX+ 1 
-X2 
Then A= [ -!G’ &i] 6.? E,((D/P)[X]), by the Remark after Lemma 1.5. 
So A & E,(D[X]) and D[X] is not GE,. 
Suppose that D is Noetherian ring of zero dimension. Let N be the 
nilradical of D. We have Dred = D/N N k, @ . . . @ k,, where ki are fields. 
WI,,, = (DreWI = k,[Xl 0 ..a @ k,[X]. The fact that ki[X] are GE, 
implies that D[X],,, is GE,. Since the nilradical is contained in the Jacobson 
radical, D[X] is a GE,-ring. 
If D[X] is not GE,, then we set 
( -ax3 +X2-a3X-a* a*X*-2aX+a4+ 1 = -X4-a*X*-2aX- 1 1 ax-’ -X2 +a3X+a2 ’ 
and we have B @ E,(D[X]). So E,(D[X])‘is not normal in SL,(D[X]). 
Remark. We now discuss a situation of E, acting on Urn,: 
Let D[X] be the polynomial ring over an integral domain D, and let 
E,(D[X]) act on Um,(D[X]) by right multiplication. Let (f,g) be in the 
orbitof(l,O),then(f,g)E,...E,=(l,O),whereE,=(i y)or(i i).We 
define (fi-,, 8,) = cf, g); UT gJ = (f, g) El *a- Ei; CL, g,> = (l,O). 
It may happen that max{degf,, deg gi} varies very irregularly from i = 0 
to i = n, i.e., it may first increase, then decrease, then increase, and so on. 
However, we can show that it is possible to choose E,,..., E, so that 
max{degf,, deg gi\ is nonincreasing. For more details, we refer to [3]. 
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In this section, we shall discuss the converse of Theorem 1.6. Throughout 
this section, let R, be a Bezout domain, K its quotient field. Consider the 
graded domain R = @,,,,, R,, where M is the nonnegative part of a totally 
ordered abelian group G and R, = K for all a > 0. 
Before the discussion, we first note that: to prove the GE, of a ring R, it is 
enough to show that for all (f; g) E Urn,(R), (f, g) is in the orbit of (1,0) 
under the action of E,(R). 
PROPOSITION 2.1. Let R, M, G be as in the above. If dim, G @ Q = 1, 
that is, G c Q, then R is a GE,-ring. 
ProoJ: Let (f,g) E Urn,(R), and set f= aa, + ..e + a,“, g = b,, + ... 
+ b5,, where ami E Rai, bDj E Roj, a, < ... < a,, and p, < ..e < p,. The 
degrees appear in f and g, that is, a, ,..., a,, pl,...,pm generate a finitely 
generated Z-submodule of Q. Since any finitely generated submodule of Q is 
cyclic, it is thus isomorphic to Z. Hence it is without loss of generality to 
assume that ai, pj E Z. 
(i) If a,, # p,, say, a, > p,, then a,jbBm E R. We set f, = f - 
(a,dbDm) g, then (f, , g) is in the orbit of (f, g) and degf, < degf. 
(ii) If a,, = p,,,, let aan = xa, bDm =ya, where x,y E R, and a E R,,, 
then R,x + R, y = R,z for some z. Since R, is GE,, there exists NE E,(R,) 
such that (x, y) N = (z, 0). Then (f; g) N = (f,, gl) with degf, = degf, 
deg g, < deg g. 
In any case, the new elements f, and g, still have nonnegative integer 
degrees. Therefore, after a finite number of steps, we shall get a unimodular 
row (f,, g,), which is in the orbit of (f, g) and deg f, = deg g, = 0. But R, is 
GE,. Hence (f,, g,) is in the orbit of (1, 0), and so is (f, g). 
Combining Theorem 1.6 and Proposition 2.1, we have 
EXAMPLE 2.2. Let R = @ Ri be a graded domain of type N U {0}, then 
R is a GE,-ring if and only if R N R, + XK[X], where R, is a GE,-Bezout 
domain, and K the quotient field of R,. 
Before stating Proposition 2.3, let us recall some terminology from ordered 
abelian group [2, Chap. VI, Sects. 4 and lo]. A subgroup H of a totally 
ordered abelian group G is called isolated if the relations 0 <y <x and 
x E H imply y E H. We define the height of any isolated subgroup H, ht(H), 
to be the number of isolated subgroups of H distinct from H. If H is an 
isolated subgroup of G and a direct factor of G, then G is isomorphic to the 
group (G/H) x H ordered lexicographically [2, Sect. 10.2, Lemma 21. 
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PROPOSITION 2.3. Let R, M, G be as in the above. If ht(G) > 2, then R 
is not a GE,-ring. 
ProoJ Suppose that G @ Q = Q”. We can choose the basis of Q” 
consisting of positive elements, then H” c G c Q”. The totally order in G 
determines a unique totally order in Q”: For any v E Q”, there exists n E N 
such that nv E E”, then v > 0 if and only if nv > 0. 
Let H be the isolated subgroup of height 1 in G. If H @ Q = G @ 0, it 
follows that ht(G) = 1, a contradiction. Hence H @ Q is a proper direct 
factor of G @ Q. Moreover, H @ Q is an isolated subgroup of G @ Q. In 
fact, given 0 < w  < v and v E H 0 Q, there exists n E N such that nw E Z”, 
nvEZ”nH. Then O<nw<nv, and we havenwEH. So wEH@Q. By 
the remark in the above, G @ Q is isomorphic to (G @ Q/H @ Q) X H @ Q, 
ordered lexicographically. 
Denote the elements of G @ Q by (v, w) with v E (G/H) @ Q and 
w  E H @ Q. Let P be the nonnegative part, i.e., P = ((v, w) ) v > 0, or v = 0 
and w  > 0). For any v > 0, if there exists (v, w) E M for some w, we define 
4 = @cU,)IjdL,jj. Then R = Chao R, and we can regrade R as a graded 
domain graded by nonnegative elements of (G/H) @ Q. Suppose that R is a 
GE,-ring. By Theorem 1.6, R, is a divisible R,-module for v > 0. But we 
shall show that there exist z E R,, and y E R, such that y,/‘z. This leads to a 
contradiction. 
For any 0 # h E H+ s M, Ro,,, is a direct factor of R,. We choose 0 # 
Y, E Rwz, 3 0 f YZ E Ram and set y = y, + y2. We also choose 0 # z E R(,,,,., 
for some w. Then yE R, and z E R,. Since leng y > 0 and leng z = 0, hence 
there does not exist any x E R,, such that xy = z. Thus R is not a GE,-ring. 
3. 
In this section, we shall give three classes of GE,-rings. 
In Example 1.4, we show that if D is an integral domain which is not 
Bezout, then D[X, X- ’ ] is not GE,. However, now we give a GE,-Laurent 
polynomial ring. 
THEOREM 3.1. Let D be a valuation domain, and D[X, X- I ] the 
Laurent polynomial ring over D. Then D[X, X-’ ] is a GE,-ring. 
Proof: Given (f, g) E Um,(D[X, X-l]), we shall show that (f, g) is in 
the orbit of (1,O) under the action of GE,(D[X, X-l]). We prove this 
statement by induction on max{ lengf, leng g}. 
Letf=a,X”+ . . . +a,Xh,g=b,Xm+... + b,Xk, where n, m, h, k E. L, 
n < h, and m < k. If leng f = leng g = 0, then we can assume that f and g are 
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elements of D, because X is a unit in D [X, X- ’ 1. Since D is a local ring, one 
off and g is a unit. Hence the statement holds. 
Suppose that lengf or leng g > 0. We may assume that lengf> leng g. 
For, if lengf < leng g, then we consider (f, g)( 2, A ) instead of (f, g). If 
lengf= leng g, suppose that a, ] b,, then we consider (S, g - (b,/a,) X”-“f) 
instead of (f, g). 
We may also assume that b,,Jan. Otherwise, we consider (f- (an/b,) 
X”-“g, g), and leng(f- (an/b,) Xnpmg) < 1engJ: Moreover, if we multiply a 
suitable diagonal matrix diag(XP, X9), we may assume that f = a, + u,X + 
. . . + unXn, g = b, + . . . + b,X”, it > 1, n > m, u,,b,,, # 0, and b,,l;a,. Hence 
u. 1 b, because D is a valuation domain. Set 
bn 
g,=g-- - f=cm 
i 1 
Xh”’ + (higher-degree terms), 
a0 
where h(1) > 1, and lengg, < n - 1. If c,,(~),~‘u~, we set 
Xh’l)f= Ch(2,p’2’ + (higher-degree terms), 
where h(2) 2 h( 1) + 1, and leng g, < n - 1. Proceeding as above, either we 
get a g, which satisfies ch(,,) / a,, or we have c,,(~),/‘u~ for all n. 
Case 1. There exists n such that chCnJ ] a,. Then 
g,=g- ((!k)+ (z!!$)x”(ll+...+(z!!e$) “‘n-u)~ 
and (f, g,) is in the orbit of V; g), with leng g, < n - 1. Let f, = f - (a,/~,,,,,) 
Xph(“)gn. We find that lengf, < n - 1. Hence (f, , g,) is in the orbit of (f, g), 
and max{lengf,, leng g,} < n - 1. We have reduced the length. 
Case 2. c,,&uo, for all n. Th is means that g =pf in D[ [Xl], where p = 
(l/u,)(b, + c,(,,Xh”’ + chC2,XhC2’ + . . .). Since chCnjj’uo, so (b,/u,) and 
(~,,,,/a,) E M, the maximal ideal of R. Hence p E M[ [Xl], and g E M[ [Xl]. 
So g E M[X, X-l]. Because df, g) E Um*(D[X, X-‘I), so jD[X] + gD[X] 
contains Xk for some k. It follows that Xk EjD[ [Xl] +gD[ [Xl]. Butf] g in 
D[Wll. SofIX k in D[ [Xl]. Therefore f is associate to Xj for somej, that is, 
f = aXi, where a is a unit in D[ [Xl]. Hence u, is a unit of D. 
On the other hand, we may multiply a suitable diagonal matrix and 
assume that f=uoX-“+u,X-“t’+~~~+u,, g=boXem+...+b,E 
D[X- ‘1. Again apply the same procedure. If the reduction of length is 
impossible, then we can regard A g E D[ [X-l]]. We also find the coefficient 
a, off is a unit of D. 
Since g E M[X, X- ’ ] and (f, g) is unimodular, so f is a unit in 
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(D/M)[X, X-l]. But the unit of (D/M)[X,X-‘1 must be homogeneous. It 
contradicts the facts that aOan # 0 in R/M and lengf> 0 in (D/M)[X, X- ‘1. 
The Theorem is proved. 
Now consider R = R, + XK[X], where R, is a GE,-Bezout domain, K the 
quotient field of R,. Then R is GE, by Example 2.2. It is not difficult to see 
that (1) R is a Bezout domain, (2) dimR=dimR,+ I, (3) ifR,#K, then 
R is not Noetherian (cf. [5]). Setting R, = k[X], we have a two-dimensional 
GE,-ring. By induction, we have 
EXAMPLE 3.2. For all II > 2, there exists a non-Noetherian, GE,-graded 
domain R with dim R = n. 
Now we give another class of GE,-rings which are not graded. Let R [A’] 
be the polynomial ring over a commutative ring R, S the set of polynomials 
whose coefficients generate the unit ideal in R. We denote S-‘R[X] by 
R(X). Note that if R is a field, then R(X) is the quotient field of R[X]. It is 
not difficult to see that if A4 is a maximal ideal of R, then MR(X) is a 
maximal ideal of R(X), since R (X)/ZR(X) N (R/Z)(X) for any ideal Z of R. 
EXAMPLE 3.3. For a commutative ring R, R(X) is a GE,-ring. 
Proof: Let (f; g) E Um,(R(X)). We may assume that f and g belong to 
R [Xl. Let Z be the ideal of R generated by the coefficients off and g. We 
claim Z is the unit ideal. For, if Z is contained in some maximal ideal A4 of R, 
then f, g E MR(X), a maximal ideal of R(X), a contradiction. 
Suppose that degf = n, then f+ X”+‘g E S. So f+ X”+‘g is a unit in 
R(X), and (f+ X”+ ‘g, g) is in the orbit of (1,0) under the action of 
E,(R(X)). Hence R(X) is GE,. 
Moreover, if R is Noetherian, then dim R = dim R(X). Hence for all n, 
there exists a Noetherian GET-ring R so that dim R = n and R is not local. 
REFERENCES 
1. N. BOURBAKI, “Algtbre,” Hermann, Paris, 195 1. 
2. N. BOURBAKI, “Algtbre Commutative,” Hermann, Paris, 1961-1965. 
3. H. CHU, The row of a matrix in E,(R[X]), in preparation. 
4. P. M. COHN, On the structure of the GL, of a ring, Inst. Hautes itudes Sci. Publ. Math. 
30 (1966), 365-413. 
5. D. COSTA, J. L. MOTT, AND M. ZAFRULLAH, The construction D + XD,[X], J. Algebra 53 
(1978), 423-439. 
